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We prove a Bernstein type inequality for multivariate quasipolynomials and
apply it to carry out the following results. (1) The evaluation of the uniform norm
for a quasipolynomial on a convex body V' = R” by that on a measurable subset of V.
(2) The estimate of the BMO-norm for a quasipolynomial in terms of its degree and
exponential type. (3) The reverse Holder inequality with a dimensionless constant.
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1. INTRODUCTION

1.1. The classical Bernstein inequality states that for a holomorphic
polynomial pe C[ z4, ..., z,,] of degree s

max |p(z)] <R’ max |p(z) (R>1).

B.(0, R) B:(0,1)
In the following B(z, t)( = C") stands for the complex Euclidean ball of
radius ¢ centered at z=(z, .., z,,).
The goal of this paper is to prove a similar inequality for a quasipoly-
nomial and to obtain some new inequalities that result from it. For this we
first recall several basic definitions.

DerFiniTION 1.1, Let f7, ..., fi € (C")* be a pairwise different set of com-
plex linear functionals. A qua51polynom1a1 with spectrum sp(q) :={ f1, < [}
is a finite sum

k
qg=7Y pie’s (L.1)

where p; € C[ z,, ..., z,,] are holomorphic polynomials. The expression

k

m(q):= ), (1+degp))

i=1

is said to be the degree of ¢.
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We also introduce the exponential type of g by

e(q):= max max |[f;].
1<j<k B.0,1)

We now formulate the first basic result, an analog of Bernstein’s inequality
for quasipolynomials.

THEOREM 1.2.  For any quasipolynomial of degree m the inequality

max |g| < C(max{1,&(g)})" ' R" 1“9 R max |q| (R>1) (1.2)
B.(z, R) Be(z, 1)

holds with a constant C = C(k, m), that is, depending only on the parameters
in the parenthesis.

From the proof of this result it follows the next estimate of the constant:

k
(2k m 2k—l l_[ '<(km)"‘ 2k

i=1

Here m,;:=deg p;+ 1.
The following two examples show that the exponents m — 1 and &(q) R
in (1.2) are sharp.

(1) Let g,(z) :=(sin Az)™ be a univariate quasipolynomial with A >0
and an integer m > 0. Clearly the degree of ¢ is m + 1 and ¢(g,) = Am while
for a suitable constant ¢ = ¢(m) >0 and a sufficiently small A and R=1 /f
we have

max |gq,|=cR™e*R max |q,]|.
B:(0, R) B.(0, 1)

(2) Let hy(z):=(sin Az)>—%sin 24z, 1 >0, be a quasipolynomial of
degree m =5 (here k=3) with a(h) 2/. Then there is a constant ¢’ >0
such that for a sufficiently small A and R=1 /ﬂ we have

max |4, |>c' R* e®® max |h,|.
B:(0, R) B.(0,1)

This example also shows that one can not replace m — 1 in inequality (1.2)
by k +d— 1, where d := max, _ ;. deg p;. In fact, in this case k +d —1=3.
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Remark 1.3. It is not difficult to prove that for a quasipolynomial
g=Y7%_, p;e/ with d:=max, _ ;, deg p; the inequality

max |g| < C(gq) R%*P R max |q| (R>1)
B(0, R) B0, 1)

holds. However, sup,C(q) = o as the above mentioned examples show.

Remark 1.4. One possible application of Bernstein type inequalities is
in estimating the number of zeros of univariate quasipolynomials in disks
of different radii. This, in turn, leads to important results in the theory of
transcendental numbers see, e.g. [Po], [P], [ PS] and references there in.

1.2. Using the inequality of Theorem 1.2 we prove

THEOREM 1.5. Let g be a quasipolynomial of degree m. Then there are
absolute constants ¢, <15e3, ¢, <de+1 and c;<4e+1 such that for any
ball B(z,r)<=C", a real interval 1< B.z,r), and any measurable subset
w < I the inequality

¢y |1
o]

holds with 1=1og C+ (m— 1) log(c, max{1, &(q)}) + cs&(q) r. Here C is the
constant of Theorem 1.2.

l
sup |d] << ) sup |q]
I w

Remark 1.6. The best constant / for which the inequality of Theorem 1.5
is valid with ¢; =4 is called according to [Brl, Def. 1.5] the Chebyshev
degree of g in B.z,r). Theorem 1.5 establishes an estimate of the
Chebyshev degree.

We use this result to prove an inequality comparing the uniform norm
of a quasipolynomial on a convex body V by its uniform norm on a
measurable subset w < V. The sharp inequalities of this type for univariate
polynomials were proved by Remez [R] in the 1930’s and for the multi-
variate case by Brudnyi and Ganzburg [ BG] in the 1970’s (see also [E],
[G], [ Na] for various generalizations of Remez’s inequalities and applica-
tions in Analysis). Below, B(x, 1) = R*( = C") denotes a real Euclidean ball
of radius ¢ centered at x, and |w| is the Lebesgue measure of w < R”.

THEOREM 1.7. Let V< R" be a convex body. Then for any quasi-
polynomial g defined on C" and a measurable w <V the inequality

cn [V
max |g| <| ——— | max |g|
v |CO| w
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holds with o=1log C+ (m—1)log(c, max{1, e(q)})+ (¢3/2) &(q) diam(V)
and ¢y, ¢,, c5, C as in Theorem 1.5.

The following consequence of this theorem may be useful in considering

compactness results for quasipolynomials.

COROLLARY 1.8.  Assume that q,, s=1,2,.. is a sequence of quasi-
polynomials of degree <m such that im,_, _ &(q,) = co. Then

lim su lo dx <(c3/2) log(c ne) diam(V).
msup J, £, ) 4 < (€3/2) og(ene) diam( V)

Here ||q|y :=maxy |q]|.

The next results were first established in [ Br2] for analytic functions in
terms of the Chebyshev degree. Theorem 1.5 allows us in the case of
quasipolynomials to replace these estimates by more constructive ones. In
order to formulate the corresponding theorems let us recall that a function
h:R°—> R, is log-concave if its support K= {xeR*: h(x)>0} is convex
and log / is a concave function on the support. Let u, be a measure on R*
with density /. For a convex body V< R® we set

1
V=V, fyimep (=] toglflduy ).

We assume without loss of generality that

(V)= 1.

THEOREM 1.9. Let A°< C"(=R?") be an affine subspace of real dimen-
sion s, V< A* be an s-dimensional convex body, and h: A°— R, be a
log-concave function supported on V. There are absolute (i.e. independent of

dimensions s, n) constants ¢, C>0 such that for any quasipolynomial ¢
defined on C"

(1) mfxeV: gl > 1y} < Cexp(—cr'’)
and (1.3)

(2) mdxe Vil <tgy} <Clen™(logn)'?  r<e™

Here « is the constant of Theorem 1.7.
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COROLLARY 1.10.  Under the assumptions of Theorem 1.9

1 1 P
_ p < P, P < px |
14 JVIqI duy, < (cp)?(qy)? < (cpa) <|V| JVIqI duh> (p>1)

with an absolute constant ¢ > 0.

In particular, if ¢, <1, then the Orlicz norm of ¢ defined by the Orlicz
function ¢(x):=exp(x/a)—1,xeR,, on (V,du,) is bounded by an
absolute constant.

COROLLARY 1.11.  Under the assumptions of Theorem 1.9

1
7 ), 1o 4] = Co(g)] duy <

Here C>0 is an absolute constant and C,(q) ::ﬁleog lq| du,. In par-
ticular, the BM O-norm of q|,, is bounded by Co.

Remark 1.12. One can improve the estimate of the constant C estab-
lished in Theorem 1.2. This leads to a sharper estimate of the constant « in
all subsequent results. For example, in [ P, Corol. 1] it was proved that the
number of zeros of a univariate quasipolynomial ¢ of degree at most m in
B.(z, R) = C does not exceed 4(m — 1) + 3Re(q). Using this estimate and an
estimate of the Chebyshev degree of an analytic function by its local
valency given in [Brl, Prop.1.7] we obtain that a<c(4m+(3/2)¢(q)
diam(V)). Here ¢>0 is an absolute constant that can be calculated
explicitly.

2. PROOF OF THEOREM 1.2

We first prove the theorem under the assumption &(g) < 1. Observe that
there is a map A(y):=g(y)+v, yeC”", where g is a unitary transform of
C" and ve C” sending B(0, t) to B.(z, t). So if we prove the theorem for
the quasipolynomial ¢,(y):=¢(A4(y)) (which satisfies deq ¢, =deq g and
&(q,) =¢(q)) then going back to ¢ we obtain the required inequality. Thus
it suffices to prove the theorem for balls centered at 0.

Let / be a ray with the origin at 0 such that maxg g |q| =
max; o, g || Arguing as above we may assume without loss of
generality that / is a subset of the real axis x;. Hence the required result
follows from a similar one for univariate quasipolynomials:
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Let q(z)=3%_, p:(z) e**, a;eC, p;eC[z], 1<i<k, be a univariate
quasipolynomial of degree <m and &(q) :=max; c;<, |a;| <1. Denote by
D < C the unit disk. Our goal is to prove that

max |g(x)| < CR™ D R max |¢(z)| (R>1)

0<x<R zeD

with C= C(m, k, m,, ..., m;) and m;=deg p;+ 1. (Here we think of ¢ as the
restriction of the original quasipolynomial to the straight line containing /.)

Denote a,= x,+ iy, and assume without loss of generality that —1<
X <x,< --- <Xx,<1. Further, define quasipolynomials ¢, and ¢,, 1 <s<
k, as

Gi(z)=q(z) e™ "%,
¢1(2) =" Z palz) ez
1) =gy () e,

qz)=q"(z Z Pislz) &9 (s>1).

i=s+1

Here deg p,, <deg p;; g, is a polynomial of degree <deg p, and ¢, =0.
Hereafter D, denotes the disk of radius ¢ centered at 0. In the next step
we estimate max_.p,_,,, 1¢;(z)|. Let 4 :=max. _p |¢(z)|. Then

13,(2)] = lg(z) e~ **| < de!!  (zeD).

To estimate max..p,_,, |¢:1(z)] we apply Cauchy’s inequalities for the
derivatives of a holomorphic function
1 (m)! g,(y) H
max z)| < max <{— J ——=d
zeD171/2k|ql( )| zeDy 1 {27[ |zl:l(y_z)m1+l y

< (2k)y™+1 (my)! Aell(:= A,).

From these inequalities we also have
1gP0) <4y,  0<i<my.
Continuing by induction we obtain for 1 <s<k

max |‘73(Z)| <‘As—lelas_ax_ll
zeD1—(s—1)2k

max |q,(z)] < (2k)™*" (m,)! 4

ze Dy —gpk

soreTenl=4,)  (20)

1§0) <4, 0<I<m

5*
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Finally,

max |§(z)] < A(Q2kym =t el + 2 e —ail, [T (m)! (:=A4p).
zeDip i=1
Note also that
A<A|< -+ <Ap_ <Ay

Since §, is a polynomial of degree <mi, — 1, the Bernstein inequality for
polynomials implies that

max |7,(z)| <(2R)™ ' A},  R=1/2.

ze Dy
From the last estimate it follows that for xe[0, R]
|Gie—1(xX)] < Cy R™ T TeROx%m1) (2.2)

with C;=2""14). Integrating this inequality and using (2.1) we get (for
R>1and xe[0, R])

|G~ Do) < g~ P(0)] +f |qx—1(1)] dit <2C, R™MeRC* == (2.3)
0

Repeating this procedure after m, _; — 1 steps we obtain
|Gie—1 () < (m_y +1) CpR™H M1 e RE=¥-0 - (x e [0, R]).

Now we can apply the very same arguments to §,_; to estimate §,_, etc.
Finally, we have

max |g(x)| < + Z >C1R”‘le'“"'R<CR'"le8R max |g(z)] (2.4)
zeD

xe[0, R] Py
with

=m(2k)”’~e’(‘1)-k]:[l (m,)! <2(km)™ '@, (2.5)

i=1

Here (q):=|a,|+X* ! |a,,1—a;|<2k—1 for generic a,,..a; and
I(g) <3 if these points belong to a straight line. Finally, note that
k_. (m;)! for the restriction ¢|, is less then or equal to the similar expres-
sion for the quasipolynomial ¢ itself.
Thus we have proved the proposition under the assumption &(¢) < 1. Let
us consider the case &(¢q) > 1.
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For the quasipolynomial ¢ let us define

q:1(z) :==q(z/e(q)).

Clearly ¢, is a quasipolynomial with the same characteristics as ¢ and with
&(¢,) =1. Thus according to the inequality of the theorem for &(¢) <1 we
have

max |¢|= max |q,|<C(e(q) R)” ™' e“? R max |q,|
B:(0, R) B:(0, &(q) R) B:(0,1)

< Cle(q) R e @R Joax lql.

The proof of Theorem 1.2 is complete. ||

3. PROOF OF THEOREMS 1.5 AND 1.7 AND COROLLARY 1.8

Proof of Theorem 1.5. In the proof we use the result proved in Levin’s
book [L, p.21]. A slightly different proof can be done by the method
presented in [Brl].

LemMA 3.1. Let f(z) be a holomorphic function on D,,g, f(0)=1 and n
be a positive number <3. Then there is a set of disks {D,} with Y, r;<4nR,
where r; is radius of D; such that

log | f(z)] > —H(n) log max | f

D2er

for any ze D\(U; D,). Here H(n)=2+1log 5.

Let ¢ be a quasipolynomial of degree m and I be a real interval in
B.(z,r). Let I. be a complex straight line containing /. Without loss of
generality we may consider / as an interval [ —a, a] on the real axis x;
such that a <r. Then /, coincides with C. We set ¢, :=¢|,. Let o= be a
measurable subset. Consider two disks D, = D,,, = C. Let we D, be such
that

max |¢,| = |g;(w)].

a

Further consider disks D(w, 2a) = D(w, 4ea) < [, centered at w with radii 2a
and 4ea, respectively. Observe that D(w,dea) = Dy, 4 10)2,. We apply



36 ALEXANDER BRUDNYI

Lemma 3.1 to D(w, 2a) = D(w, 4ea) and f=gq,/|q,(w)| with n=|w|/20a.
Then we obtain

log | f(z)| > —H(n)log max |f]

D(w, 4ea)

for any z e D(w, 2a)\(U); D;) where {D,} is a set of disks with X", r,<2|w|/5,
and r; is radius of D,. Here H(n)=2+log 3’%{’. Note that (J; D; can not

cover w because of the choice of 5. Therefore there is a point x, € w for
which the last inequality holds, that is,

30ea A lg1(xo)| A
—|2+1log > log max <lo < log max .
< |l D(w, 4ea) |q1(W)] g1 (w)] o |qi(w)]

(3.1)

Applying now inequality of Theorem 1.2 to ¢; and D, =D, 122, and
taking into account that

max |¢;|< max |q,| and  max |q| <max |q,|
D(w, 4ea) D(2e+1/2) 2a 1 Da

we obtain from (3.1)

15e |1
—<2 +log 5|Z)|||> log[ C(max{1, &(q,)}(4e + 1)) 1 eaGe 121117

max
<log 2] |CI1|
max; |q,]

Taking the exponent in both sides of this inequality and using the inequ-
alities &(q,) <e(q), |I] <2r we get

¢y || !
max |¢| < max |q|
I |CO| [

with /=log C+(m—1)log(c, max{1,&(q)})+cselq)r; ¢;=15¢ ¢,=
log(4e+ 1) and c3;=4e+ 1.
The proof of Theorem 1.5 is complete. ||

Proof of Theorem 1.7. Let V< R" be a convex body and wc V be a
measurable subset. Choose a point xe} such that |g(x)| =max, |g|.
(Without loss of generality we may assume that x is an interior point of V;
for otherwise, we apply the arguments below to an interior point x,, £ >0,
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such that |¢(x,)| > max, |¢| —¢ and then take the limit as ¢ —» 0.) Accord-
ing to Lemma 3 of [ BG] there is a ray with origin at x such that

mes (I V) 7 R4
mes,(Inw) " |o|’

(3.2)

Weset I:=InV, w,:=1n w and apply the inequalities of Theorem 1.5 and
(3.2) to this pair. Then we get

_ ey [I1\* cn |V
sup [¢| =sup |g| < sup |q| < sup |¢q|.
Vv I @

loil /o, o]

Here a =log C+ (m —1) log(c, max{1, &(q)}) + (c3/2) &(q) diam(V) and ¢,,
¢y, €3, C as in Theorem 1.5. |

Proof of Corollary 1.8. Let V be a convex body and ¢ be a quasi-
polynomial of degree m. For the distribution function D () :=mes{xe V;
lg(x)| <t} the inequality of Theorem 1.7 acquires the form

t 1/a
Dq(t)<cln|V|< > .
lglly

Let ¢,(t)=inf{s: D (s)>1t}. Then from the above inequality for D, we
obtain

g g *
J tos L1y g " tog 1L g < [ 1og <canl> ds = log(c, en).
lg(x)] 0 q4(1) 0 K

Then the required result trivially follows from this inequality. [

4. PROOF OF THEOREM 1.9 AND COROLLARIES 1.10 AND 1.11

Proof of Theorem 1.9. Our main tool is a remarkable result of Kannan,
Lovasz and Simonovits ([ KLS, Cor. 2.21]) which reduces the estimation
of a multidimensional integral to corresponding one-dimensional ones.
Using this we establish the following basic inequality which gives
Theorem 1.9 as a simple consequence.

ProrosiTiON 4.1.  Let g, V, r>1, u, and a be as in Theorem 1.9. Then

1 n 1 r F(O( l)n
14 | | ‘ > < |Q| R/ > < (2e)” ’C(m"+pr)oc7r
<| |J h |V|.[ Hh i a )
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provided m, n, p, r >0 satisfy
mn = pr, p<-.
o
Here, as usual, I'(x):={F " 'e~"dt and ¢, <15¢ is the constant of

Theorem 1.5.

First, we formulate several results used in the proof of the proposition.
We introduce the following definition (see [KLS]). By an exponential
needle we mean a segment /=[x, y] in R”, together with a real constant
y. If (E, y) is an exponential needle and f is an integrable function defined
on I, then we set

[y —x|
[ =" f+myerar,
where u=(1/]y —x|)(y —x).

THeEOREM 4.2 [KLST]. Let f1, f5, f3, f4 be four nonnegative continuous
functions defined on R”", and a, b> 0. Then the following are equivalent:

(a) For every log-concave function F defined on R" with compact
support,

([ swa) ([ mosod)
<([ moswa) ([ mosoa).

(b) For every exponential needle E

(o (L) <(Lon ) (1)

Remark 4.3. The above theorem is also valid for nonnegative f}, 1, f5,
f4 such that f;, f, are the limits of monotone increasing sequences of con-
tinuous functions defined on R” and f5, f, are the limits of monotone
decreasing sequences of continuous functions defined on R” (see Remark 2.3
in [KLS]). In particular, we can apply this theorem in the case of K a



BERNSTEIN TYPE INEQUALITIES 39

closed convex body, f;, f, nonnegative continuous functions defined on K
which are 0 outside K and f5, f, nonnegative functions which are constant
on K and 0 outside.

We also use the next distributional inequality that follows directly from
the inequality of Theorem 1.5.

Let V= A* < C” be an s-dimensional convex body, /< V' be a real seg-
ment and ¢ be a quasipolynomial. For the distribution function D (¢) :=
[{xel:|q(x)| <t}| (with respect to the usual Lebesgue measure on I) let
us define (q,),(7) =inf{y: D, (y)>1t}. Then

(q,>*<r)><’) sup lq| (41)
C1 |I| 14

with a=log C+ (m—1)log(c, max{1, &(q)}) + (¢3/2) &(q) diam(V), ¢, <15¢>
(cf. Theorem 1.7).

Proof of Proposition 4.1. Let g be a quasipolynomial and /< V" be a real
interval. Then the functions ¢, :=(|g| +¢)|;, ¢>0, and ¢, , ,(?) =q.(at +b),
tel, a, beR, also satisfy the inequality of Theorem 1.5. We must apply the
KLS theorem to functions ¢, :=(|g| +¢)™, ¢,:=(|q| +¢)~? (continuous on
V) and q5:=2e- "I (ma+1), q4:=2e-ct*/(1 —pa) on V and 0 outside V'
and then take the limit when ¢ — 0. To avoid abuse of notation and because
our estimates below do not depend on ¢ we may assume without loss of
generality that |g| itself has no zeros on V.

According to the KLS theorem and Remark 4.3 the proposition follows
from the inequality

n r I 1y mir
) o e in )

for an exponential needle £ < V. Making an affine change of variables in the
above integrals we reduce the problem to the following inequality

<f: |G(x)|" e dx>n <j: 1G(x)| P e~ dX>r

I(ma+1)"
(1= pa)

< (ze)n+r C(lmn+pr)oc

(1 _e—s)n+r.

Here ¢ is a function obtained from ¢ by this change of variables. As we
already mentioned ¢ satisfies inequality of Theorem 1.5 with a instead of /.
Below we denote ||§| :=sup; |§].
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First, let 0<s< 1. Then
([ e ax | ([ lacor e e ax)
0 0
s i m n s 7 p r
<<f < |f1(X)| > dx) <J <q~[o,s]> dx)
0 H(IH[o,s] o\ [g(x)]
<s" <r<|¢7~|[o,s]>17dt>r
0 Q*(I)
1 Cl px r 1 r
< n _1 < pro. n+r
(s, (3) @) < (25)

1 r
< Cfm(2(1 _efs))n+r <> .
1— pa

Here we applied inequality (4.1) to the lower distribution function ¢, of § and
used the inequality 1 —e ™" >s/2 for 0 <s < 1. Observe that the obtained con-
stant is even less than the required one.

Assume now that s> 1. We estimate each of the two factors of the given
expression. Without loss of generality we may assume that s is an integer.
Then

.[. X)|" e dx
( "”"X>

Glvi s dx>e
( <|Q|[z ir1] 19l +1]>

Z 1170, i+17 € -
i=0

J i e = z

||M\

2

[e'e)

Z e(i+1))™ e ”qu[o,l]
< mot *® moc 7xd ~llm
<c™e x"%e X HQH[M]

0

=ci%el(moa+1) [14]7o, 13-
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We used here inequality of Theorem 1.5 to estimate suppo;,qlg|l by
Supro, 17 |4]- Similarly,

j|q )| =7 e=* dx < ;(j )| I’dx>e i
O
<z (0" (s )

s=1 il /o (141 1
<<ZJ Sl d’)
o ‘0 t HCIHfo,l]

sSle i+ 1) 1 » ect* 1

—1

X ~ e ST - '
i—o L—=pa 141017 1= poclIglifo, 1

||M|

||M|

Using that pr=mn and 1 —e™*>1/2 for s =1 we get from these inequalities

<f: gl e dx)n (f 1G] =7 e~ dx>'

Mmoo+ 1)

(1 _pa)r (1 _e—S)n+r.

<C(1mn+pr)oc . (26)n+r

This completes the proof of the proposition. ||
We proceed to the proof of Theorem 1.9.
(1) We apply Proposition4.1 to ¢ with n=1, p=1/(2a), r=2m and
with m/a instead of m. Here m is a positive integer. Below, denote g :=|q|"*.

Assume without loss of generality that g,=1 and set E, :=
{xeV:g(x)>w}, |E,| :=u,(E,). Then from Proposition 4.1 we obtain

2m
w” |E,,| <JVg‘”2 duh>

2m
<([ gmdn )] e du ) <cemr2mmy
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which is equivalent to (because ¢; < 15¢%)

2m24m+1

C
w" |E,| <

ez’"“(m!)

(Jy &' duy)™"

<212+ 18+ (1) exp <—2m log Q g 12 d,uh>>
14

12m+1
<2t

8m+1( m:212m+1

e (m!)(gy) el (m!) <e*(m!). (42)

We used here Jensen’s inequality

—1
f g—l/zd,uh>exp<2f loggd,uh>.
14 v

Since | V| =1, we also have
|E, | <1

Dividing both sides of (4.2) by ¢*™(m!) and summing over m from 0 to oo
we get

exp(w/e*') |E, | <2
or
|E,, | <2exp(—w/e).

Since g := |q|"*, the required inequality follows from here.
This proves part (1).

(2) Recall that Cp(q) := 7 [ - 10g |gl du,,. We will estimate the measure
|F,| :=p,(F,) of the set F,:={xeV:|log |q| — (q)l >y}, y=1. We apply
Proposition 4 1 to g with m=p=(1—1/y)/a, n=qg=1. Then we have

@ =1) |12 < < J (1= 1/9)/m)10g lg] — (@) dﬂh>
Vv

% ( J o(— (1= 1/p)m)log lg] — CH)) dﬂh>

Vv

I2—-1/y)
I=(1=1/y)

< U TV(2e)? <2%%.

Hence

|F | <254+ 10m —y/ocyl/Z (4.3)
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This, in particular, gives an estimate of u,{xe V:log|q|—Cy(q)<—y}
which, in turn, gives the required result

pilxe Vilgol <tgy) <2%eH(en (log "2 1<e,

with t=e77".
The proof of Theorem 1.9 is complete. ||

Proofs of corollaries. Corollary 1.10 follows directly by integration of
inequality (1) of Theorem 1.9 and Corollary 1.11 is a simple consequence of
inequality (4.3). |i
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